Abstract In this paper the Lagrangian density of a purely kinetic k-essence that models the behavior of dark energy described by four parameterized equations of state proposed by Cooray & Huterer (Astrophys.
INTRODUCTION
It is well known that the analysis of the luminosity-redshift relation for distant type-SnIa supernovae suggested that the a e-mail: victor.cardenas@uv.cl b e-mail: norman.cruz@usach.cl c e-mail: sebastian.munozc@usach.cl d e-mail: jose.villanueva@uv.cl universe undergoes an accelerated expansion. This discovery about the accelerated expansion of the universe motivated scientists to propose models that would attribute these behaviors in the universe responsible for this expansion to an unknown energy component called dark energy, which is homogeneously distributed in the universe, and its pressure is negative. To explain the observed accelerated expansion of the universe, the simplest solution was Einstein's idea of vacuum energy, namely cosmological constant Λ . A small positive cosmological constant has been supported by a number of observations. Indeed, the cosmological constant is a perfect fit to the dark energy data. An important question related to the cosmological constant is the fact that the energy densities of dark energy and dark matter are now comparable. This is called the coincidence problem. From the cosmological constant problem we are motivated to find an alternative explanation for dark energy. By modifying the left-hand side of Einstein's equation, we get the modified gravity models. The idea of modified matter models is that the energy momentum tensor T µν contains exotic matter, which provides negative pressure, which consists of a canonical scalar field with a standard Lagrangian of the form L = X −V (φ ). Modifying this canonical kinetic energy term in non-linear kinetic terms, the non-linear kinetic energy of the scalar field can drive the negative pressure without the help of a field potential. These models are called kinetic kessence, which consists of a scalar field described by a Lagrangian of the form L = F(X, φ ) (see [1] [2] [3] [4] [5] ). This generalization of the canonical scalar field models can give rise to new dynamics not possible in quintessence. The non-linear kinetic energy terms are thought to be small and usually ignored because the Hubble expansion damps the kinetic energy density over time. But what happens if there is a dynamical attractor solution which forces the non-linear terms to remain non-negligible? This is the main idea of the kessence. In the context of cosmology, k-essence was first studied as a model for inflation (k-inflation) [6] , and due to its dynamics, increasing interest has been devoted to it in cosmological investigations. In this paper, we restrict ourselves to a particular case of kinetic k-essence, which is to take only kinetic terms, i.e., assume that the Lagrangian is of the form L = F(X) [7] . Such scalar fields can be interpreted as barotropic perfect fluids. The classification of scalar field models that satisfy the condition of barotropic perfect fluid are detailed in [8] . In [9] the physical stability restrictions for C 2 s is discussed, as well as the dynamics of four types of dark energy (EoS) models is analyzed for the behavior of k-essence and quintessence. In [10] the behavior of a model where the equation of state is a power law of the kinetic energy, X (ω = ω 0 X α ), and the conditions needed for to have accelerated phases. Variable EoS were considered in [11] , where ω(z) was written as ω 0 + z(dw/dz) 0 , and by means of gravitational lensing, the expected accuracy to which today's equation of state ω 0 and its rate of change (dw/dz) 0 can be simultaneously constrained was studied. In [12] , from the joint analysis of four observations (SNe + BAO + CMB+ H0), constraints for the time-varying dark energy EoS ω(z) were obtained, where ω(z) was parameterized via two parameters and some of them depend on a given extra parameter. A classification into two types of models for the suitable ω(z) was made according to the boundary behavior and the local extreme point of the EoS ω(z).
As we have mentioned, this paper is devoted to presenting a method to reconstruct the Lagrangian of kinetic kessence, using as initial information a specific parametrization of the EoS, the dark energy of the form ω = ω(a). To do so, this paper is organized as follows: In Section 2 we review the main aspects of the kinetic k-essence model as a dark energy model. In Section 3 we develop the parameterizations that justify the model presented by Efstathiou, which modify the original one presented in [15] . Also, the evolution of these parameterizations, either for the Lagrangian and for X as a function of the scale factor, are found. Then, by defining the general relation da dX = H (a, X), the kinetic k-essence Lagrangian is constructed follow by an analysis of the behavior of the generating function F. In Sec. 4 we use the parameterizations defined above to obtain the best reconstruction of F(X) based on observational data, consisting of 586 SNIa data points from the LOSS data set compiled by Ganeshalingam et al. [27] . Finally, in Sec. 5 we ended the work with final remarks and conclusions.
KINETIC K-ESSENCE
Our main goal is to investigate a dark energy model described by an effective minimally coupled scalar field φ with a non-canonical kinetic term, specifically to the so-called puerely kinetic k-essence model, in which the Lagrangian density L = −F(X) depends only on the kinetic terms X = 1 2 ∂ µ φ ∂ µ φ . This model can be obtained from the action for a k-essence field minimally coupled to gravity, given by
in the background of an homogeneous and isotropic flat universe described by Friedmann-Lemaître-Robertson-Walker metric:
Unless otherwise stated, we consider φ to be smooth on the scales of interest so that X = 1 2φ
2 . The energy-momentum tensor derived from the action (1) allows us to identify the energy density ρ and pressure p with the following expressions
and
where F X ≡ dF/dX. Assuming that the energy density is a positive quantity, we demand that F − 2X F X ≥ 0. Therefore, with F > 0, the parameter of the equation of state becomes
An important result relating F, X and the scale factor a is obtained when the scalar potential becomes constant, so the Eqs. of motion yield to the following expression [7] :
where κ is a constant of integration. Thus, given any form of F(X), the above equation gives the evolution of X as a function of the scale factor a, and then, by substitution of this solution into Eqs. (3)- (4), we can obtain the evolution of all of the physical quantities of interest. The square of the adiabatic speed of sound is obtained from the relation [21] :
where F XX ≡ d 2 F/dX 2 , and a prime denotes differentiation with respect to ln a. Notice that Eq. (7) imposes two conditions: the first one, since the speed of sound is a real quantity, we demand that 3ω(1 + ω) − ω ′ ≥ 0 [9] . The second one comes from the fact that the speed of sound is slower than the speed of light (which is equal to 1 in this work), so we must demand that 3ω(1
notice that, in general, the adiabatic speed of sound c s does not coincide with the speed of propagation of scalar perturbations. However, in the kinetic k-essence scenario this statement does not work and these two speeds match, which implies that it is possible describe a scalar field by a perfect fluid and vice versa [8] . Now, by combining Eqs. (4) and (5), it is possible to show that
and then using the following identities
we obtain the following equations for X and F in terms of scale factor:
Since the EoS parameter ω depends on the scale factor a, we can to introduce here the model to consider. Finally, by solving Eqs. (11) and (12), we can write
Obviously, the main difficulty is to invert the expression X(a), so we will perform a numerical approach to obtain solutions. In the next section we begin defining an expression da dX = H (a, X) which, together with Eq. (13) and the model proposed for the EoS, allows us to determine the phenomenological behavior of F as a function of X.
NEW PARAMETRIZATIONS AND KINETIC K-ESSENCE LAGRANGIANS
As we have mentioned, the main goal of this research is to obtain a parametric expression relating F and X by means of the parametrization of the scale factor a, i.e., assuming that we know F(a) and X(a). In what follows, we display some proposed parameterizations [11] − [14] for the EoS of dark energy, and their main drawbacks. The explicit expressions are the following:
where ω 0 is the present value of the parameter ω, ω a should be adjusted to the observational data. In each parametrization ω 0 represents the value of ω at the present time and if ω 0 = −1 and ω a = 0 they lead to the classical model Λ CDM. The first parametrization represents a good fit for small z, but has a serious problem explaining the observations for large z. (z > 1). The second shows good behavior when z < 1 and z > 1. This is because for z < 1, ω has an approximately linear behavior while for z ≫ 1, ω is bounded.
In the parameterization proposed in [14] , when z → ∞, w(z) becomes infinite, so this parameterization can only describe the behavior of dark energy when z is not very large. In order to avoid this problem a modification was introduced in [15] assuming the form w(z) = w 0 + w a ln(1 + z/1 + z). For future evolution, when z → 1, |w(z)| will grow rapidly and diverge, which is a nonphysical behavior of this EoS. We show below explicitly the expression for F(a) and X(a) for the dark energy models proposed in [11] [12] [13] [14] , using Eq. (11) and Eq. (12); however, the reconstruction of the corresponding kinetic k-essence model, F(X), will be done only for the new parameterization proposed by Feng & Lu in [14] , which represents an improvement in the behavior of the dark energy EoS for a wide range of the redshift.
Using the parametrizations proposed in [11] [12] [13] [14] in Eq. (11), we can solve for X(a), yielding
(
Then using Eq. (12), the corresponding Lagrangian kinetic k-essence densities as a function of the scale factor are obtained:
Using these equations we can reconstruct F = F(X) by inverting the expression X(a), but we need dX da = 0 to guarantee the existence of the inverse. In what follows, we will do an explicit reconstruction of X for the parameterizations proposed in [15] and given by Eq. (14d). This ansatz has great interest in their behavior as a dark energy model, because it combines the advantages of the previous parameterizations. Also, this model has a future singularity at z = − 1 2 , which is a value bounded by the big bang. Depending on the dynamics, it may be adjusted to show a phantom-type behavior for a given redshift; however, in [19] it is discussed that the kessence models entail problems in the case where the values of the adiabatic sound speed across this barrier. This detail is dependens on the chosen parametrization and the action taken initially.
Imposing the Eq. (12), we cannot explicitly obtain F(X) for this particular model. However, if we manipulate this expression and solve an equation of the form da dX = H (a, X) numerically, and we use Eq. (13), we can then obtain approximate values for F(X) with X > 0. We rewrite Eq. (11) as follows
where the adiabatic sound speed squared C 2 s for the model given by Eq. (14d) is given by
Then, introducing Eq. (18) into Eq. (17) we obtain
In [15] it was determined that the values which fit the observational data are ω 0 = −1.0537 and ω a = 0.2738. Using these values, we plotted the behavior of a = a(X) (see Fig  1) . This numerical solution was obtained using the RungeKutta method (see [16] ) and is the first step in reconstructing process of the kinetic k-essence Lagrangian. In Fig. 2 the behavior of F(X) as a function of X is displayed, where the initial condition chosen was a(X = 1) = 1.
It is straightforward to see from Fig. 2 that the reconstructed k-essence Lagrangian is a decreasing function of the kinetic energy, X, of the field. Note that the reconstruction in X = 0 is not possible due the indetermination in the values of F X , which can be appreciated in Eq. (6) . From direct inspection of Eq. (5) we can conclude that
The above conditions imply that, if F > 0, phantom behaviors can be obtained from kinetic k-essence Lagrangians which are increasing functions of X, whereas quintessence behaviors (ω > −1) are obtained from decreasing functions. On the other hand, from the conditions imposed on C 2 s [9], we obtain ω > −1 :
So, Lagrangian leading to an EoS in the range of quintessence will be decreasing functions of X but with a positive second derivative, whereas for those which represent phantom EoS, the Lagrangian is an increasing function of X, but with a negative second derivative or, in other words, it will be a concave function.
OBSERVATIONAL CONSTRAINTS
In this section we use the parameterizations (14a-14d) to obtain the best reconstruction of F(X) based on observational data. In particular, we make use of the LOSS data set [27] consisting in 586 SNIa data points. The SNIa data enable us to constrain the luminosity distance d L (z) = (1 + z)r(z), where r(z) is the comoving distance. We fit the SNIa with the cosmological model by minimizing the χ 2 value defined by
where
is the theoretical value of the distance modulus, and µ obs is the corresponding observed one. Actually, there is no need to use (11) and (12) to obtain X(a) and F(a) for a given ω(a). In fact, from (4) we know that
and also from (6) we know that
So, all we need is the expression for ρ(a). From the mass conservation equation we can write
where we have introduced the redshift z defined through the relation a = (1 + z) −1 .
Model A
Let us start with a first case, the one we called Model A, that is defined through its EoS parameter given by w(z) = w 0 + w a z. Using Eq. (23) we obtain
and from Eq. (21) we get
Therefore, by using Eq. (22) we obtain
With these expressions we can plot F(X) parametrically using the scale factor (or the redshift) as the parameter. The values for w 0 and w a in the plots are obtained from a test of the model against observational data, in this case a Type Ia supernova. The best fit to SNIa data gives Ω m = 0.36 ± 0.06, Fig. 1 Here we display F and X as a function of redshift based on Eqs. (25) and (26) for model A characterized by the parametrization w 0 + w a z.
w 0 = −0.8 ± 0.2, and w a = −3 ± 2, with χ 2 red = 0.984. In the first panel of Fig. 1 we display F as a function of redshift z, and in the other X as a function of z. Combining these two functions, we plot in Fig. 2 the reconstructed F(X) using the best fit values of the parameters. A stability criterion demands that the sound speed be positive c 2 s > 0, which translates into a restriction of the values of the EoS parameter w(z). Using Eq. (7) we notice that c 2 s > 0 means X ′ < 0, or in terms of a derivative respect to redshift, that dX/dz > 0. From inspection in Fig. 1 for model A, this only happens in the range z ∈ [0.0591, 0.3095]. In Fig. 2 we represent such a region, drawing it as a black thick line. Notice that F(X) is double-valued and always negative.
The same procedure is performed for the other three parameterizations:
Model D w(z) = w 0 + w a ln 1 + z 1+z and the results are displayed in Table 1 . 
Model B
For model B we have the Chevallier-Polarski-Linder (CPL) parameterization w(z) = w 0 + w a z/(1 + z). From Eq. (23) we obtain
Using Eq. (22) we obtain
Following an identical procedure as before, we first plot the F(z) and X(z) expressions as a function of redshift (Fig. 3) , and then we plot the reconstructed F(X) for the model. The values for w 0 and w a in the plots are obtained from a test of the model against observational data (see Table 1 ). Again, in Fig. 4 we have highlighted in bold the region where the model is stable. Notice that in contrast to Model A, in this case the stability region implies a single-valued F(X) function.
Model C
For model C we work with w(z) = w 0 + w a ln(1 + z). From Eq. (23) we obtain ρ(z) = ρ 0 (1 + z) and from Eq. (21) we get
As before, we first plot the expressions F(z) and X(z) as a function of redshift (Fig. 5) , and then we plot the reconstructed F(X) for the model. The best fit values for w 0 and w a are shown in Table 1 . Again, in Fig. 6 we have highlighted in bold the region where the model is stable. Notice that the stability region implies a single-valued F(X) function, as is also the case in Model B, but which does not occur in Model A. 
where g(z) is given by
+3w a ln(2(1 + z)) ln(1 + 2z). Here Li n (z) is the ordinary polylogarithmic function [28] . From Eq. (21) we get F(z) and using Eq. (22) we obtain X(z). First we plot the expressions F(z) and X(z) as a function of redshift (Fig. 7) , and then we plot the reconstructed Table 1 . Again, in Fig. 8 we have highlighted in bold the region where the speed of sound is positive. Notice that the stability region implies a single valued F(X) function as is also the case in Model B and C, but does not occur for Model A. In this section we test our best fit reconstructed F(X) functions (cases B, C and D) against the k-essence model proposed by Chimento [24] and defined through
where V 0 and n are constants. Clearly this is a suitable choice for our case. By inspection of Figs. (4, 6, 8 ) for X ≃ 0 we get F ≃ −1. Extracting the data points of these figures, we perform a direct fit to the k-essence model using V 0 and n as free parameters. The best fit values are shown in Table 2 . Table 2 Best fit values for models B, C and D defined in the text, using the k-essence model (36).
The points of the reconstructed F(X) functions for models B to D are plotted together with the best fit curve of the k-essence model of Chimento (36). These are plotted in Fig.  9 .
CONCLUSIONS AND FINAL REMARKS
Many phenomenological parametrizations has been proposed to describe the behavior of dark energy EoS as a function of the redshift. Our aim in this work has been to relate these phenomenological models with theoretical ones based on kinetic k-essence fields, which can be interpreted as barotropic fluid [8] and are described by rather simple Lagrangians found in previous investigations. We have shown the equations that can be solved numerically to reconstruct the Lagrangian density of the form F = F(X) from an initial model ω = ω(a). The first step of this reconstruction process is to connect the Lagrangian density F and the kinetic energy X with the scale factor. The interval of definition of X should be considered prior to the calculation of the approximation, always considering that X > 0. Further, the equation da dX = H (a, X) was solved to relate the kinetic energy X and the Lagrangian F by means of the scale factor. Next, we compared with the observational data using the LOSS data set [27] . Thus, we obtained the best values of the parameters in agreement with the observations. Also, due to the impossibility of obtaining analytical solutions, we showed the graphical solution for each model described above.
We have also fitted our reconstructed F(X) using the theoretical model proposed by Chimento. Our results indicate that the observational constraints favor the model B and C 
